We construct new families of interpolating two-parameter solutions of type IIB supergravity. These correspond to D3-D5 systems on non-compact six-dimensional manifolds which are T 2 fibrations over Eguchi-Hanson and multi-center Taub-NUT spaces, respectively. One end of the interpolation corresponds to a solution with only D5 branes and vanishing NS three-form flux. A topology changing transition occurs at the other end, where the internal space becomes a direct product of the four-dimensional surface and the two-torus and the complexified NS-RR three-form flux becomes imaginary self-dual. Depending on the choice of the connections on the torus fibre, the interpolating family has either N = 2 or N = 1 supersymmetry. In the N = 2 case it can be shown that the solutions are regular.
Introduction
In recent years a lot of attention has been devoted to the study of supergravity backgrounds with non trivial fluxes. Backgrounds of this kind are indeed relevant for both string compactifications to four dimensions and the study of the gauge/gravity duality. In all cases, the geometries of interest are of warped product type: a product of four dimensional Minkowski (or Anti-de Sitter) space and an internal six-dimensional manifold, either compact or not.
A particular class of flux backgrounds is provided by solutions where the internal geometry is given by a so-called SU(3) structure manifold. SU(3) structure manifolds are the simplest generalisation of Calabi-Yau's, in that they also possess a globally defined holomorphic threeform and a globally defined fundamental form, but these, contrary to Calabi-Yau's, are not closed. The non closure of such forms is a measure of the back-reaction of the non trivial RR and/or NS fluxes.
In the formalism of generalized complex geometry it easy to observe some general features of type IIB backgrounds with SU(3) structure: the internal manifold must be complex and there is an intricate cancellation among dJ, the exterior derivative of the fundamental form compatible with the integrable complex structure, and the NS and RR there fluxes, H and F 3 [1, 2] .
One very special case is when the symplectic form is closed. Then the internal manifold is conformally Calabi-Yau, and the three-form fluxes form an imaginary self-dual complex combination. This situation is typically referred to as type B solution [3] . Another special point, which is referred as type C, is reached when H = 0. The only non trivial flux is the RR threeform, which is proportional to the exterior derivative of the fundamental form. The dilaton is running and proportional to the warp factor (φ = 2A). In a general solution, which is referred as of interpolating type, the symplectic structure is not integrable. Taking in addition a constant axion, one can show that the NS three-form flux is exact and hence trivial in cohomology.
The best known examples of gravity duals to N = 1 supersymmetric gauge theories, the Klebanov-Strassler (KS) [4] (type B) and the Maldacena-Nunez (MN) [5] (type C) solutions, fall in the SU(3) structure class of backgrounds. So does the interpolating family found in [6] , which describes both the gravity dual to the baryonic branch of the Klebanov-Strassler solution and an interpolation between KS and MN.
Recently a class of torsional non-Kähler geometries satisfying the conditions of N = 1 supersymmetry in purely NS backgrounds has been constructed in [7] , as a subclass of principal holomorphic T 2 fibrations over a four-dimensional hyper-Kähler surface B 1 . A generic feature of such backgrounds is that they admit a balanced metric, i.e. have a fundamental form whose square is closed. In this paper, we shall use the same kinds of torsional geometry to construct type IIB backgrounds. Since we are interested in non-compact backgrounds, we shall work with non-compact base manifolds, B, and consider multi-center Taub-NUT surfaces; the two-center case, the Eguchi-Hanson space, will be treated in a greater detail. The construction of [7] is local, and one has to ensure that the Bianchi identities are satisfied. For the holomorphic T 2 fibrations over Eguchi-Hanson space, the solution of the Bianchi identity has been given in [8] for the heterotic string. For this special case, we shall heavily rely on the analysis there.
In type IIB we find a web of N = 2 backgrounds connected by different types of dualities and we discuss possible generalisations to N = 1. The simplest solution is of type C and describes D5-branes wrapping a two-cycle in the internal six-manifold. Due to the smooth T 2 action on the internal, the background has isometries and hence can be T-dualized. The result is a type B solution, with constant dilaton (and axion), where the internal space is a direct product B × T 2 but the B field is not vanishing, and H is non-trivial in cohomology. There is also a non-zero three-form, which is dual to the NS flux.
These two solutions are the respective counterparts of the MN and KS backgrounds. It is then natural to look for an interpolation connecting the two, in an analogy to the gravity dual to the baryonic branch [6] . Recently, a method has been proposed, [9] , that allows, given any type C solution, to build a new one of interpolating type. The construction of [9] was motivated by a chain of dualities including an M-theory boost and was applied to reinterpret the interpolating solution of [6] . An interesting feature of the construction is that all the dualities are "external"; they do not change the structure of the internal manifold and simply modify the relation between the dilaton and the warp factor,
to include the interpolating function w. In view of the fact that there is no topology change between the type C and the interpolation, this construction is very natural. As we shall see all Bianchi identities in the general interpolating solution reduce to the type C Bianchi identity. The interpolating solutions are in fact a two parameter family of solutions, where the parameters are the M-theory boost and the asymptotic value of the dilaton. Notice that the existence of (at least) two parameters is another generic feature of type IIB interpolating families (with fixed axion).
Since our background has isometries, we can obtain the interpolating solution also using "internal" dualities. We shall show that deforming a type B solution on B × T 2 by adding a closed B field and then performing T-duality, we can again recover the same interpolation.
Finally, since the solutions are non compact, it would be interesting to see whether they admit a holographic gauge dual and how this looks like. A natural candidate would be a four-dimensional N = 2 gauge theory obtained by compactifying on the two torus the little string theory dual to D5-branes transverse to the ALE space. However we will not explore this in details in this paper.
The plan of the paper is as follows. Before moving to the discussion of the various solutions, we conclude the introduction with a brief review of six-dimensional internal geometry and the supersymmetry equations cast in the pure spinor form [2] . In Sections 2 and 3 we describe the type C and its T-dual type B solutions, respectively. Then in Section 4 we present the interpolating solution and discuss its properties. We briefly comment about a possible holographic interpretation in the Conclusion.
Torsional geometry
We are interested in supersymmetric solutions of type IIB supergravity of warped type
where the internal manifold is a six-dimensional complex non-Kähler manifold with SU(3) structure. As discussed in [7] , manifolds of this kind can be obtained via T 2 fibrations over a four-dimensional hyper-Kähler manifold,
Provided that the T 2 bundle is non-trivial and that its curvature has no components in Λ 0,2 T * B, the space of fibrations will admit a closed holomorphic three-form, and hence an integrable complex structure. It will not admit a Kähler metric. Typically, a necessary condition for preserving supersymmetry is that the internal six-manifold admits a balanced metric, i.e. has a fundamental form whose square is closed. It is satisfied by requiring that in addition, the curvature of the T 2 bundle is orthogonal to the Kähler form on B. Finally, if the curvature has no components in Λ 2,0 T * B, i.e. lies completely the space of anti-self-dual two-form on the base Λ 1,1− T * B, the supersymmetry will be enhanced to N = 2.
For the metric in the base space, B, we take
where V is a harmonic function and A is a connection one-form A = A i dy i . In order for the space to be hyper-Kähler, V has to satisfy the monopole condition
, it is not hard to see that the two-forms Ω
are respectively self-and anti-self-dual ( * Ω
. Moreover the self-dual forms are closed:
(1.5)
The forms Ω i + form the basis for the symplectic form J B and the holomorphic two-form ω B on our four-dimensional space [10] 2 .
We write the metric on the six-dimensional fibration X, as 
In the complex structure defined by ω B , these two-forms are of (1, 1) type. Moreover, they are orthogonal to the self-dual two forms Ω
As shown in [7] , for non vanishing F , the six-dimensional manifold X does not admit a Kähler metric. It is not hard to verify that on X the fundamental form and complex three-form
define an SU(3) structure compatible with the metric (1.6). Since the curvature F has no component in Λ 0,2 T * B, the fundamental form in (1.9) obeys 10) where the second piece corresponds to the primitive part of dJ, and it is not hard to check that its wedge product with both J and Ω vanishes. Similarly, on can check that the holomorphic three-form is conformally closed d(e 2u−3∆ Ω) = 0 .
As it is clear from the equations above, the six-dimensional manifold X is complex but is not symplectic. Moreover, wedging (1.10) with J, we obtain 12) which tells that the metrics considered here are (conformally) balanced.
The supersymmetry equations
A convenient way to repackage the supersymmetry conditions in type II supergravity is in terms of pure spinors on the internal manifold. These are polyforms, obtained as tensor products of the supersymmetry parameters on the internal manifold
where
Then the supersymmetry equations become [1, 2] d(e
where φ is the dilaton, B is the NS two-form and F 1 , F 3 , F 5 the RR fluxes on the internal manifolds. In these equations we have already used the fact that supersymmetry sets the norm of the spinors to be proportional to the warp factor, |a| 2 = e A . So we see that supersymmetry requires that one of the pure spinors must be closed, while the second one is not integrable due to the presence of the RR fluxes.
For an SU(3) structure manifold the pure spinors Ψ ± are given by
where J and Ω are the fundamental form and the holomorphic three-form defining the SU(3) structure. The choice of one phase is arbitrary 3 . In this paper we fix them in such a way to be consistent with the interpolation solution of [6] 17) where w is the interpolating function.
3 The SU (3) structure is equivalently defined by a globally defined, nowhere vanishing chiral spinor on the internal manifold. If we call such a spinor η+, then the two supersymmetry parameters are related to η+ by
and the phases of the pure spinors are given by θ± = θa ∓ θ b .
Expanding equations (1.14a) and (1.14b) into forms of definite degree yields the following equations for the NS sector
and expanding (1.14c) yields for the RR fluxes *
Equation (1.18d) comes for the closure of Ψ − , and indicates that the complex structure is integrable. This allows to use the Dolbeault operator in taking the Hodge star, so that the RR fluxes can be written as
where C is the RR zero form potential. So the presence of a holomorphic combination of the axion and the dilaton is a generic feature of all these backgrounds. In this paper we shall be interested in the solutions where the axion is constant. The expression for the RR three-form (1.19b) can be simplified as well, but the result depends on the value of w. For w = π, it reduces to
When w = π, it is not hard to show that the two form e (2A−φ) J is primitive. This allows to simplify the expression for RR three-form flux to
Note that in our conventions, the (2, 1) primitive form is imaginary self-dual.
For generic values of the phase w the system of equations (1.18a)-(1.19c) describes a solution of an "interpolating" type. The special cases of w = π (mod π) and w = π/2 (mod π) are often referred to as type B and type C solutions in the literature. Type C solutions are characterised by a vanishing axion and NS three-form, C = 0 and H = 0. On the contrary, type B solutions have an holomorphic dilaton (1.20a) which reduces to the standard complex field τ = C + ie −φ , and we recover the imaginary self-dual three-form F 3 + τ H. Moreover H ∧ J = 0 and J is conformally closed.
As always, the supersymmetry equations are only necessary condition for supersymmetric vacua. In order for a background to be a solution, it must also satisfy the Bianchi identities for the fluxes (the equations of motion are implied by supersymmetry)
(1.23c)
D5-brane solutions (type C)
In this section we discuss solutions of type C, namely with w = π/2. A generic feature of this class of solutions is that the internal manifold is complex but not Kähler.
For cos w = 0, the ansatz (1.9) combined with (1.18a), (1.18c) and (1.18d) gives
In order to simplify notations, here and in the following, we set most of the integration constants to one. They can be easily reintroduced as constant parameters multiplying the various terms in the metric.
As for the other equations, (1.18b), (1.19a ) and (1.19c) imply
with the only non-vanishing flux given by (1.19b)
Using the integrability of the complex structure (1.18d), it is easily checked that
Let us consider type C solutions where the internal manifolds are torus fibrations of the type discussed in Section 1.1. The internal metric is then 5) and the tadpole condition reads
Using the closure of the fundamental form on the hyper-Kähler base and the curvature of the torus fibration, the absence of tadpoles is equivalent to the following equation
which is the only equation left to solve.
In solving the supersymmetry constraints we used the fundamental form and complex threeform defined in (1.9)
It is easy to see that, by a change of complex structure on the base B, we obtain a second SU(3) structure
which solves all the supersymmetry conditions with the same metric and RR flux. This means that the solution preserves N = 2 supersymmetry.
Multi-center Taub-NUT solutions
We can find solutions of the tadpole conditions (2.7) where the base metric (1.2) is of GibbonsHawking type. These are obtained choosing the function V in (1.2) as
where the index q denotes the individual centers and r q = | y − y q | is the distance away from a given center, y q . For η = 1, the metric corresponds to a regular multi-center Taub-NUT . For η = 0, we have the ALE spaces. For the special values q = 1 and q = 2, the base is flat space or an Eguchi-Hanson space, respectively.
As discussed in Section 1.1 we need to construct a T 2 fibration with anti-self dual (1, 1) curvature. This can be done using the anti-self-dual two forms Ω i − in (1.4) . Indeed, for a choice of (three-dimensional) harmonic functions K I and one-form ξ I (we shall take I = 1, 2), satisfying the (anti)monopole equation [10] 
the potentials
will yield anti-self-dual field strengths
Then the torus fibration is defined by Θ I = dθ I + B I . On a Taub-NUT space with N centers there are N −1 normalizable anti-self dual (1, 1) forms corresponding to the N − 1 independent compact two-cycles. Regularity and normalizability require that the positions of the poles of the harmonic functions K I coincide with the centers of the Taub-NUT. The function
defines a smooth fibration with complex curvature
The three-form in this case is 15) and the tadpole condition (2.7)
is equivalent to
When the function φ only depends on the y i coordinates, (2.17) reduces to the differential equation
where derivatives are taken with respect the y i variables in R 3 . The tadpole equation can be explicitly solved by
with L(y i ) an arbitrary harmonic function on R 3 . Since K/V is smooth by definition, the first term on the right hand-side has simple poles at the positions of the Taub-NUT centers. All these singularities can be cancelled and the expression made positive by a suitable choice of coefficients in L = l 0 + q lq rq . The resulting metric and dilaton are everywhere regular. These are solutions with non trivial fluxes and no branes. By allowing poles in e −2φ we could find more general solutions with dF 3 = 0 corresponding to D5-branes wrapping the two-torus.
The Eguchi-Hanson solution
Setting η = 0 in the potential (2.10), we obtain the family of ALE spaces. It is interesting to see the explicit expression for the solution in the simplest case of ALE, the Eguchi-Hanson space T * P 1 (C). It corresponds to the resolution of C 2 /Z 2 , where the singular point is replaced by a two-sphere. A similar solution has been recently discussed in [8] in the heterotic framework.
Following [8] , we use a different set of coordinates with respect to the previous section, which fully exploits the SO(3) invariance of the metric.
The Kähler form and holomorphic two-form on the smooth Eguchi-Hanson are given by 20) where
and a is a non-negative constant controlling the size of the two-sphere.
For the Eguchi-Hanson space there exists a single normalizable anti-self dual closed (1, 1) form. It corresponds to the curvature of a line bundle on the two-sphere. The explicit expression has been constructed in [8] and it is given by i∂∂ log h with
We can take this to be the curvature of the T 2 bundle. If we introduce complex coordinates on the torus, θ = θ 1 + iθ 2 , then the one-form connection is chosen
in such a way that F = dΘ =∂Θ. c is a quantized constant, essentially the first Chern number of the torus fibration. Then the three-form flux (2.4) reads
As before we consider solutions corresponding to pure fluxes. In this case the tadpole condition, dF 3 = 0, reduces to
Note that for generic values of φ ∞ the warp factor approaches a constant for large r. In the same limit, the curvature F goes to zero and the torus fibration becomes trivial. We obtain a solution which is an asymptotic unwarped ALE space times a two torus. On the other hand, for small r, the non-trivial fibration changes the topology of the internal space. In particular, one of the two torus circles combines with the two-sphere in the Eguchi-Hanson space to give a non-trivial three-cycle 4 [7] . Thus for small r, topologically, the space becomes S 3 × R 2 × S 1 . Since F 1 and F 2 are proportional, a one-cycle remains non-trivial [7] .
The presence of F 3 suggests a brane interpretation. Indeed the solution is similar in spirit to the Maldacena-Nunez solution and its generalization [11] recently discussed in [9] . We can even take a near-brane limit by sending e −2φ∞ to zero. For large r, the metric becomes a warped product,
and the three-form flux reduces to
It is easy to check that this expression is the volume form of the three-sphere at infinity in the Eguchi-Hanson space. We thus obtain a warped solution which, asymptotically, represents the near-horizon geometry of a D5 brane wrapped on the two-torus. On the other hand, the two-torus disappears in the IR part of the solution. As in a geometric transition, the brane is replaced by a flux supported on the non-trivial three-cycle. Indeed, the first term in (2.24) vanishes and the three-form reduces to
which is indeed supported on the IR three-sphere.
It is important to notice that a non-trivial fibration is crucial for obtaining a regular solution for small r. A D5 brane solution in flat space or on C 2 /Z 2 is singular in the IR. Even the 4 In fact, the Eguchi-Hanson space becomes R 2 × S 2 and one cycle in the two-torus is fibered over S 2 with the connection proportional to that of the Hopf fibration.
resolution of the orbifold to a smooth ALE space still leads to a singular solution, as can be seen from equation (2.27) in the limit c → 0. However, for c = 0 we obtain a change in topology that allows for a regular solution.
The large value of the dilaton suggests that we should better use the S-dual picture representing an NS brane. For large r the S-dual solution behaves as
which represents a linear dilaton background. This is the holographic dual of a little string theory living on a five-brane sitting at C 2 /Z 2 and compactified on a torus [12] . A similar analysis can be performed for the general solution based on Taub-NUT spaces.
Breaking supersymmetry to N = 1
There is a simple generalization of the solutions obtained above by adding a (2, 0) term to the torus curvature dΘ = F + G , (2.33)
where G ∈ H (2,0) (B, Z). The total curvature F + G is still orthogonal to the fundamental and holomorphic two-forms on B
and this is enough to solve equations (1.18c) and (1.18d) and all the other supersymmetry constraints. Since a reverse in the complex structure of B will transform a (2, 0) form into a (0, 2) one, this solution will preserve only one of the two supersymmetries. The general form of the new piece is G = g ω B , where g is an arbitrary holomorphic function on B, which can be non-trivial since the space is non compact. For simplicity we analyse the solution with B given by the Eguchi-Hanson space and g constant. In this case it is easy to see what happens to the tadpole condition, which becomes 
The regular solution of the tadpole condition J (r 2 ) = γ/r 4 is now
This expression changes sign and it is not well behaved. The presence of a (2, 0) piece in the curvature unpleasantly changes the asymptotic behavior of the solution.
It would be of some interest to explore further the possibility of having regular N = 1 solutions.
T-duality and D3-brane solutions (type B)
Examples of type B solutions with w = π can be obtained from the type C backgrounds discussed above via T-duality. In general, type B solutions can have a holomorphic dilaton. A particular class is obtained for constant dilaton and vanishing axion. The metric is conformally Calabi-Yau and the (complex) three-form flux is imaginary self-dual.
Since the original type C-solution has two isometries, corresponding to shifts in the angles θ I on the torus, we can perform two T-dualities along those directions. The effect of T-duality is to untwist the torus fibration and to produce a B field with one leg along the torus. The type B dilaton is constant while the original type C dilaton is related to the type B warp factor. Indeed, a standard application of the T-duality rules gives
where B I are the potentials defined in (2.12) and the function φ C denotes the dilaton of the type C solution. This was determined as the solution of the tadpole equation of type C, (2.19) for the general Taub-NUT solutions and (2.28) for the Eguchi-Hanson case. Notice that in type B the warp factor satisfies the equation
2)
The result of T-duality can be summarized in the standard picture of the correspondence space [13] . On one side, we have a non trivial fibration
with a vanishing H (which is parametrized by a trivial two-torus). On the other, the manifold is a direct product 4) and the geometrisation of the non trivial H yields another nontrivial two-torus fibration over the base B. The correspondence space is a fiberwise product X B × B X C , and is a double T 2 fibration over B with one of the fibrations being trivial and the the other having a connection with curvature F . The roles of these two tori are reversed in going from type B solution to type C.
The RR fluxes for the T-dual solution can be obtained from those of type C by
where F = F 1 + F 3 + F 5 is the sum of the RR field strength on the internal manifold. In this case we obtain
where g s is the constant value of the dilaton. The solution has an interpretation in terms of D3-branes. Let us discuss for simplicity the case of the Eguchi-Hanson solution. In the near brane limit, e −2φ∞ → 0, the metric asymptotes at large r ds 2 ∼ r ds
corresponding to D3-branes smeared on the two-torus. The metric remains a trivial product of the ALE space with a torus also at smaller values of r. On the other hand, we have an imaginary self dual flux for the three-forms. Notice that the F 5 flux vanishes for small values of r. Solutions of this type have been discussed in [15] , in the case where the two-torus is replaced by R 2 , and have been interpreted as a combination of physical and fractional D3 branes probing a resolved C 2 /Z 2 singularity. The vanishing of physical D3 brane charge in the IR is typical for these kinds of solution. The solutions of [15] are singular in the IR. We see that, in the case where we compactify two directions, it is possible to find a regular solution.
Finally let us discuss the T-duality transformation on pure spinors. The type C solution has a trivial B-field, and thus the generalized tangent bundle is simply given by T X C ⊕ T * X C . The pure spinors are globally defined and using (2.1) can be written as
Note that since the axion is vanishing in this solution, only four-manifolds with globally defined ω B , namely the hyper-Kähler ones, can be admissible bases. Since the pure spinors are also polyforms, T-duality act on them as in (3.5). Then T-duality along the two-torus maps (3.8) into a pair of type B pure spinors: 9) with the fundamental form and the holomorphic three-form given by
,
An interpolating solution: D5-D3 solutions
While finding solutions of B and C type is relatively simple, solutions corresponding to generic values of the parameter w are harder to find. A general discussion of the features of interpolating solutions was given in [16] . A notable regular example is provided by the solution [6] describing the baryonic branch of the Klebanov-Strassler solution, which interpolates between Klebanov-Strassler (type B) and Maladacena-Nuñez (type C). Another interesting (although singular) example is given by the gravity dual of non commutative D5 branes, where the interpolation parameter is given by the value of a B field [17, 18] . Here we present an interpolating solution which is regular and combines features of both these examples. The solution can be obtained in two different ways
• starting from point C, we can apply the prescription of [9] , which, through a chain of dualities, generates a family of interpolating solution for any type C solution with only three-form flux
• starting from point B, we can add a constant B field and, using the isometries of the background, T-dualize along T 2 .
Before entering into the details, we discuss some general features of interpolating solutions with vanishing axion. As already discussed in Section 1.1, the most general solution with π/2 < w < π has a conformally balanced metric (J 2 is conformally closed), the three forms are given by
1a)
1b) and the Bianchi identity for H trivially follows from (4.1a). If we also choose to have constant axion, the supersymmetry equations in Section 1.2 simplify and, most notably, from (1.19a) and (1.18a) we have
respectively. These equations can be integrated to
and, as consequence, the warp factor reads
To simplify comparisons with the existing literature, we used for the integration constants the parametrisation suggested in [9] . φ ∞ is the asymptotic value of the dilaton and β is the boost parameter entering the chain of dualities in [9] . Notice that we normalized the asymptotic value of the warp factor to one; a generic value can be easily reintroduced. Finally, a generic feature of interpolating solutions, which follows straightforwardly from the supersymmetry equations, is that the RR three-form is always proportional to the Hodge star of the NS one
This relation generalises the imaginary self-duality condition of type B solutions.
The chain of "external" dualities
It was shown in [9] that, starting from a type C solution with only three-form flux, it is possible to generated a family of backgrounds of interpolating type satisfying all supersymmetry constraints. All these solutions have zero axion as the original type C case. More precisely, given any type C solution with internal metric ds 2 6 C , fundamental form J C and dilaton φ C , we obtain an interpolating solution of the form
and fluxes
7b)
In [9] this family was derived from the type C solution via a chain of dualities involving a lift to M theory and an eleven-dimensional boost. It is straightforward to verify that the above expressions satisfy all supersymmetry constraints.
We can turn to the Bianchi identities now. The closure H is satisfied trivially. A remarkable feature of this solution is that the Bianchi identities for F 3 and F 5 reduce to those for the type C solution
Notice from (4.7) that the new F 3 is proportional to the type C one given by (2.3).
In [9] , this construction was used to recover the baryonic branch solution of [6] from the pure type C solution of [11] . However this construction is more general and can be applied to our torsional backgrounds as well.
The interpolating solutions for our Taub-NUT type C backgrounds are obtained from the above equations with the metric and fundamental forms defined in Section 2. In particular Finally, the pure spinors are given by (in terms of the type C dilaton φ = φ C ):
The relation between the dilaton and the warp factor is given by (4.4).
The "internal" dualities
The same solution can be obtained from the type B background of Section 3 by a particular O(2, 2) transformation consisting of adding a closed B field and T-dualizing along T 2 .
Let us start from a type B solution with arbitrary parameters, including the volume of T 2 , which was previously set to one for simplicity. The solution is
where A B is a solution of the tadpole equation (3.2) 12) where the rescaling of the θ I has been taken into account. We may perform now a constant B-transform, an operation that while shifting the B-field will not change the flux
The crucial term in this redefinition is the constant two-form along the torus, which does not commute with double T-duality. The base-dependent part in the B-transform proportional to J B has been included in order to be able to collect the result of T-duality onto the form (4.10).
A standard application of T-duality along θ 1 and θ 2 now gives the interpolating solution. In the previous subsection, various arbitrary parameters, including the radius of the torus and the asymptotic value of the warp factor, have been set to one. In order to recover the same normalizations we need to choose g s = R, d = −b/R 2 and the asymptotic value of e −4A B equal to one. Obviously, we could relax these conditions and obtain interpolating solutions with arbitrary parameters. Note that the warp factor for the interpolating solution is the same as in type B (A = A B ) while the dilaton is given by the standard rules of T-duality 14) from which, by comparison with (4.4), we read the value of the parameters β and φ ∞
Since e −2φ and e −4A are linearly related, they both satisfy the standard tadpole equation. We can choose φ = φ C of the form (2.19) for the general Taub-NUT solutions and (2.28) for the Eguchi-Hanson case. e −4A has a similar form with different coefficients; in particular, for us, its asymptotic value is normalized to one.
There exists another O(2, 2) transformation that relates the type B background with the interpolation (4.10). We could start with the type B solution with general parameters and perform a Lunin-Maldacena transformation (LM) [19] 1 0 γ 1 ∈ SL(2, Z) (4.16) acting on the complexified Kähler parameter of the two-torus. It is easy to check that we obtain again the interpolating solution up to a constant shift of the final B field. The continuous parameter γ plays the role of b in the T-duality transformation. The two parameters φ ∞ and β are related by a redefinition to the torus radius R in the type B solution and the value of γ. Alternatively, one may start with a D3 branes transverse to B ×T 2 without three form fluxes, and combine a non-constant B transform with twisting of the two-torus in such a way that the original integrable complex structure does not change. The transformed even pure spinor Ψ + will generate the correct three-form fluxes. In [20] such a transformation was used to relate compact type B and C backgrounds. In our case the novelty is that the the phase of the pure spinor does not change in a discrete fashion.
Properties of the interpolating solution
In this section we will discuss some features of the interpolating solutions described above. For simplicity, we will focus on the simple case of the Eguchi-Hanson base.
The ten-dimensional metric becomes 17) with dilaton (φ = φ C ) and warp factor
The fluxes are
We introduced an arbitrary constant m which will be useful very soon.
For generic β, the warp factor A goes to a constant for large r, as seen from (4.18). As noticed in [9] , we can also obtain a near-brane solution by sending β → ∞ 7 . In order to have a smooth limit, we need to rescale the space-time coordinates and the parameter m, Factors of c, a and e φ∞ are introduced for future convenience. In this way, we obtain
Differently from Section 2, where we obtained a near-brane solution by sending the asymptotic value of the dilaton to zero, here φ ∞ has an arbitrary value and the near-brane limit is obtained by sending β to infinity. Notice first that the solution is still of interpolating type and is a mixture of those discussed in Sections 2 and 3. For large r the metric behaves as
and there is a non-vanishing B field along the two-torus. The asymptotic solution corresponds to a D5 brane with a non commutative parameter on the world-volume [17, 18] . The F 3 flux is supported on the three-sphere at infinity of the ALE space. The B field induces a non trivial D3 charge and the metric looks like that of D3 branes smeared on the two-torus. The torus shrinks for large r but the metric is regular. For small r, as in the type C solution, the internal manifold becomes topologically R 2 × S 1 × S 3 , the D3 brane charge vanishes and the F 3 flux is supported by the IR three-sphere. Notice that the dilaton is running but approaches a constant both for large and small r. All this is reminiscent of the gravity dual of the baryonic branch of the Klebanov-Strassler theory [6] .
In the case of the baryonic branch, the resulting solution is de facto an interpolation between type C and type B solutions. Indeed, with suitable tuning of parameters, the solution connects the Klebanov-Strassler point (type B) with the Maldacena-Nunez solution (type C). Interestingly, a similar phenomenon happens for our solutions; by varying parameters, we can interpolate between the near-brane type B solution of Section 3 and the near-brane type C solution of Section 2. We can conveniently use φ ∞ and the value φ 0 of the dilaton at r = 0 as parameters. We will keep φ 0 and a fixed and we will vary φ ∞ . We have a consistent solution for all φ ∞ ≥ φ 0 . c is then determined as |c| = a This is the same as the B solution discussed in Section 3. A short calculation shows that, in the limit c → 0, also the fluxes are consistent with a type B solution with constant dilaton. On the other hand, for φ ∞ → ∞ , 2A ∼ φ C , the H and F 5 fluxes vanish and we recover the type C solution of Section 2 with an effective value of the parameter c = a 3 e −φ 0 . All metrics in the interpolation have the same asymptotic behavior. At the endpoint φ ∞ → ∞ the dilaton blows up at infinity 
Discussion and conclusions
In this paper we constructed new interpolating solution of type IIB based on non compact fibration of a two-torus over a Taub-NUT space. In the N = 2 case the resulting family of solution is regular. We discussed in great details the case of the Eguchi-Hanson base where the solution and its topology can be studied quite explicitly. In the general solution, the asymptotic value of the warp factor is constant, corresponding to an asymptotically unwarped background, but we also considered a near-brane limit. The backgrounds depend on many parameters, including the asymptotic values of the dilaton and warp factor, and the details of the fibration. Some of these parameters will be quantized. This is certainly the case for the Chern class of the fibration, c. In addition, since we have non-trivial three cycles in the geometry, the periods of the NS and RR three-forms lead to other quantization conditions.
Since our solutions are non compact, the question of a possible gauge dual arises naturally. Let us consider first the simple case of the type C solution, corresponding to a five-brane wrapped on a two-torus near an ALE space. The dual gauge theory should come from the compactification on the torus of the six-dimensional gauge theory living on a D5-brane near an ALE space. When the tours is replaced by flat space (c = 0) and a = 0, the solution is the holographic dual of a little string theory associated to a C 2 /Z 2 singularity. At low energy it reduces to a six-dimensional gauge theory coupled to tensor multiplets with eight supercharges, two gauge groups and two bi-fundamental hyper-multiplets. In the case of a more general ALE space with N centers, the theory is based on an affine A N quiver coupled to tensor multiplets, with N gauge groups and bi-fundamental hyper-multiplets connecting neighbouring groups [21] . In this picture, the parameter a corresponds to a resolution of the singularity and it is usually associated with a baryonic VEV in the gauge theory. The parameter c is less straightforward to interpret and is related to the compactification of the theory on the torus. It should correspond to a twist of the theory by some global U(1) in such a way to preserve N = 2 supersymmetry.
In the interpolating solution, a non-commutative parameter is also turned on. What is interesting and unusual is that, in spite of being N = 2, the dual of such gauge theory is regular and, in the IR, is topologically similar to the known IR behaviour of N = 1 confining theories with a non-trivial three-sphere that supports the RR flux. In contrast with the MN and KS case, there is an extra circle, surviving the twist, where we could wrap strings. It would be interesting to understand the role of such strings in the IR dynamics and to understand better the structure and moduli space of the N = 2 dual theory. We will leave these issues for future work.
